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In order to properly discuss the foundations of Gaussian process regression
(GPR), it is necessary to split the topic into two separate fields and rejoin them
once fully developed. These two topics are: linear regression theory, discussed
in Section 1, and Bayesian probability theory, discussed in Section 2. These
are then combined to derive the GPR predictive equations in Section 3, with a
practical summary given in Section 3.3.

1 Basic Regression Theory

The first topic, regression theory, describes the set of statistical tools required
to estimate the relationship of one quantity with respect to another, in order
to predict or forecast unknown quantities of a system based on known ones. In
order to perform any basic sort of regression, a model basis must first be defined
which has the potential of describing the observations, such as the following;:

Y =®(X,3) +e¢ (1)

where (X,Y) represents the set of input data points, ® represents the set of
functions used to form the model basis, called basis functions, § represents the
vector of free parameters in the problem and e represents the residuals of the
model, or the difference between the value predicted by the model and the input
data point. It should be noted that, for a d-dimensional problem space, X, Y,
and ¢ are all n x d vectors, and ® is n X m matrix, where m is the number
of functions in the model basis and n is the number of input data points and
m < n in order for a solution to exist. For reasons of simplicity, this outline
will show the case where d = 1 although the equations are kept as general as
possible. Once the basis functions are chosen, the weights can be adjusted until
€ = 0 to optimize the model such that it best describes the input data.

However, depending on the number and variety of the functions chosen in
the model basis, it may be impossible or extremely time-consuming to find 8
such that ¢ = 0. Thus, it is generally advantageous to define a goodness-of-fit
metric, which allows a solution to be imperfect while simultaneously providing
some information on how well the model describes the input data.



1.1 Least-Squares Regression

The most commonly used form of regression is the least-squares regression tech-
nique, in which the goodness-of-fit metric is the sum-squared (SS) error, calcu-
lated from the residuals as follows:

Msg = 2612 (2)

where 7 denotes the individual elements of the vector, €, and n denotes the total
number of elements in . It should be noted that the SS error is related to the
more commonly-known root-mean-squared (RMS) error, which is calculated as

follows:

M.
Mrms = % (3)

Using either of these metric definitions, it can be seen that the desired so-
lution is the combination of weights which minimize the metric. For reasons of
simplicity, this outline will use the SS error, as given in Equation (2), as the
metric. By noting that the derivative of a quantity is zero at its minima or
maxima, the desired solution, 8., can be mathematically described as the set of
parameters which satisfies the following equation:

2 8@
VgMsgg = 2;51‘% =0 (4)

where the second form was obtained by substituting of Equation (2) into Equa-
tion (4). All least-squares regression methods use the gradients obtained via
Equation (4), but the calculations to translate it into a solution for 8 can vary
significantly.

1.2 Linear Least-Squares (LL) Regression

From Equation (4), if ® is composed such that it is linear in S, ie. all of the
basis functions are modified as multiples of the various elements of 3, then it
becomes possible to separate the contributions of § from @ in Equation (1), as
follows:

Y=®(X)B+¢ (5)

where 8 becomes a m x 1 vector, with each element corresponding to a single
basis function. Then, by substituting Equation (5) into Equation (4) and re-
organizing the terms back into matrix form, the minimization solution can be
reformulated as:

2T(X)[Y -@(X)8] =0 (6)

which can be rearranged to solve for [, resulting in the linear least-squares
regression method, mathematically expressed as follows:

B. = [#7(X)®(X)] " ®T(X)Y (7)



An important feature of this method is that, computationally, the inversion
of ®T® is typically the most expensive operation, as it is a complex procedure
which depends on the size of the matrix. In this case, the matrix size is m x m,
where m is the number of functions in the chosen model basis. It should be
noted that actually calculating the inverse of this matrix is unnecessary, and thus
not recommended, due to the existence of factorization algorithms. However,
the computational time required for factorization is still ~ O(ms). This is not
normally a problem in most least-squares regression applications, as the number
of basis functions is typically < 10.

1.3 Weighted Linear Least-Squares (WLL) Regression

It is also common to use a weight matrix, denoted by 3, in order to provide
additional input regarding data quality, noise levels (as 1/02), or any other prior
information concerning the system. This matrix, X, is a n X n matrix with non-
zero entries only on the main diagonal. This information can be incorporated
into the regression method by using the weighted sum-squared (WSS) error
instead of Equation (2), expressed as follows:

Myss = Z Sir (8)

By replacing Mgs with Mywgs in Equation (4) and reperforming the algebra
using Equation (5), the weighted linear least-squares regression method can be
found, mathematically expressed as follows:

. = [@T(X)T®(X)] " ®"(X)ZY 9)

Similarly to Equation (7), the factorization of ®7X® is the most computa-
tionally expensive component, also scaling as ~ O(m3).

1.4 Non-Linear Least-Squares (NLL) Regression

However, if ® in Equation (4) is not linear in 3, then 8, cannot be explicitly
computed as each element of de; /98 will still depend on 8 itself. In these cases,
it becomes necessary to solve the system iteratively by starting with an initial
guess, [y, and updating it in increments, ASy. First, the model basis must be
linearized around Bj using a Taylor expansion, resulting in:

B(X, B) ~ B(X, By) +ZW

J

(Bj — Bjx) (10)



Then, by substituting Equation (10) into Equation (1), the residual of each data
point, ¢, can be expressed as:

0P (X,
gi =Y — ®(X;, Bk) + Z éﬂ]kﬁk) (85 = Bj.k)
. ! ’ (11)
=AY+ T i AB;

J

where J; ; represents the (i, 7)™ element of the Jacobian matrix, an n x m
matrix of first-order partial derivatives of the model basis with respect to the
parameters, [, evaluated as the data points, X.

Next, by substituting Equation (11) into Equation (4) and reorganizing the
terms back into matrix form, the non-linear least-squares regression method is
found, expressed as:

ABy = [I7(X, B) I(X, 8,)] " IT(X, By) AY: (12)

for which all the quantities must be recalculated at each iteration, k, until a
solution is converged upon.

It is important to note that the inclusion of non-linearity has a computational
price, both in the computation of J, ~ O (mn), and the factorization of J7J,
~ 0 (mg), per iteration.

1.5 Weighted Non-Linear Least-Squares (WNLL) Regres-
sion

Similar to the process discussed in Section 1.3, a weight matrix, ¥, can be added
to the residuals to account for any prior information concerning the system. This
can be done in a very similar procedure as discussed in Section 1.3, resulting in
the weighted non-linear least-squares regression method, expressed as follows:

ABy = [3T(X,B) ZI(X, By)] " IT(X, Bi) T Ay (13)

Again, similarly to Equation (12), the computation of J scales as ~ O (mn)
and the factorization of J7J, ~ O (m3), which must both be performed per
iteration.

1.6 Disadvantages of Least-Squares Methods

Although these solutions have been used extensively for many scientific and
engineering applications, they suffer from a lack of generality which limits their
use to describe complex systems. Firstly, as the computational time required
for the algorithm scales as ~ (O(m?’)7 where m is the number of functions in the
model basis, it becomes necessary to pre-select a smaller number of functions
to make the model, typically using some physical understanding of the system.



However, this inherently restricts the possible models that can be found by the
algorithm, which can be undesired when attempting to model systems with a
high degree of complexity.

As an additional restriction, in order to use the LL or WLL regression meth-
ods, the model basis must be linear in the parameters, 8. While this is not diffi-
cult to do, it means that any non-linear behaviour cannot be modelled unless a
large number of basis functions are chosen. Alternatively, the NLL and WNLL
methods could also be used, but the computational price and the numerical in-
stabilities of the iterative process usually makes them prohibitive for production
purposes.

2 Basic Probability Theory

The second topic, probability theory, describes the set of fundamental axioms
and statistical tools required to characterize the random behaviour of a system.
Then, given a continuous random variable, z, the probability that it has a spec-
ified value, ¢, can be denoted as p(z = ¢). If there is no particular interest in
a specified value, the probability is usually expressed as a probability density
function (PDF), p(z).

As probability theory is meant to describe real phenomena, it is useful to
provide a translation from the mathematical construction to logical concepts.
The most important concept in this discussion is that of conditionality, expressed
as the probability of a variable given the quantities of other variables. Within
the framework of probabilities, this can be expressed as such:

P(za N2p) _ p(2as20)
P(zal2) = = (14)
¢ p(z) p(2)
where N is the set intersection operator, or the logical “and” operator. There
also exists the set union operator, or the logical “or” operation, expressed as
such:

P(za U 2) = p(2a) + p(2) — P(2a N 2) (15)

It should be noted that if z, and z, are independent variables, or equivalently
interpreted as mutually exclusive sets, then the following relations hold true:

P(za N 2) = p(2a) P(2)

P20 U ) = plza) + pl20) (16)

which are useful properties in the derivation of the GPR equations.

Additionally, when working with a vector variable, Z, with N elements, it
may be necessary to express the probability of the entire vector, called the joint
probability, denoted as follows:

p(Z) = p(z1, 22, .., 2N) (17)



If all N elements are mutually independent, then it is possible to simplify Equa-
tion (17) using Equation (16), resulting in the following form:

N
p(2) =]o) (18)

2.1 Bayesian Approach to Probability

From the concept of conditional probability comes the field of Bayesian proba-
bility theory, which was an attempt made by Thomas Bayes to mathematically
model the formation and evolution of human belief systems. The result of this
attempt is known as Bayes’ theorem, which is a rearrangement of the axiom
provided in Equation (14):

p(BJ]A) p(A)
p(B)

where A represents a hypothesis, or any form of testable belief, and B repre-
sents any form of evidence provided. Then, Equation (19) can be seen as a
platform on which the trust in a certain hypothesis, p(A4), also known as the
prior, can be updated in light of new information, p(B|A), also known as the
likelihood, resulting in a new level of trust, p(A|B), also known as the posterior.
The denominator, p(B), called the marginal likelihood, effectively represents the
chance that the provided evidence would exist regardless of which hypothesis is
correct, which is mathematically modelled as follows:

p(A|B) = (19)

o0

p(B) =Y p(B|A) or p(B):/ p(B[A)p(A)dA (20)
A

— 00

where the summative form is used for discrete variables and the integral form
is used for continuous ones. This term is called the marginal likelihood as it
removes the dependence of the likelihood on the hypothesis, A, or in other
words, it marginalizes over A. It should be noted that the integral form of
Equation (20) is usually written without the integration limits, but they were
included here to enforce the fact that it is not an indefinite integral.

As most applications of GPR work on continuous random variables, the
remaining discussion will focus solely on this notation.

2.2 Gaussian (Normal) Probability Distributions

As one might have expected from the name, the GPR method relies heavily on
the properties of the Gaussian, or normal, PDF. The normalized form of this
function, for a random variable, z, is given as follows:

p(z) = —— exp<—(z‘“)2>~/v(u o?) (21)
Npr= 202 ’



where p is the first moment, or the mean, of the distribution, and o is the second
moment, or the variance, of the distribution. If a variable behaves according to
Equation (21), it is commonly said that it is Gaussian-distributed and usually
given the short-hand notation expressed in the second form of Equation (21).

If there exists N Gaussian-distributed variables grouped together into a vec-
tor, Z, then their joint distribution can be expressed as follows:

U% P1,20102 ... P1,NO1ON
P2,10201 0%
p(Z) ~N| M= .
22
PN,1ONO1 012\[ ( )

R S <—1 (Z-Mm)" vt (Z—M))

N A

where M is a N x 1 vector with elements, p;, ¥ is a NV x N diagonal matrix
with elements, o2, |...| represents the determinant of the enclosed matrix, and
pi,; represents the correlation factor between variable numbers 7 and j within
the vector, Z. It should be noted that p;; = 1 and, due to the symmetry of
the Gaussian distribution, p; ; = p;,. However, if all of the variables in Z are
independent of each other, then Equation (22) can be significantly simplified by
using Equation (18), as p; ; = 0 for all ¢ # j. This can be done as follows:

1

p(Z) = \/ﬁ exp

<—; (Z-M)Ts(zZ- M))
A (Z; — M;)?
- 1:[ V2rE; P <_ 2% )

1 Y (- )’
N 2 P Z 20’2
V11, 27o; i i

It should be noted that since X is a diagonal matrix in the mutually independent
scenario, its inverse is also a diagonal matrix but with elements, o, 2. If a vector
of variables behaves according to Equation (23), then it is usually given the
short-hand notation, p(Z) ~ N (M, ).

(23)

3 Gaussian Process Regression

With the concepts outlined in Sections 1 and 2, it is now possible to reconstruct
the GPR methodology. As in a typical regression problem, it starts with a set of
input data points, (X,Y), a model basis, ®(X, 3), and a set of free parameters
in the model, 3, as introduced in Section 1. Then, by treating the input and
output variables as probability distributions instead of as deterministic quanti-
ties, Bayes’ Theorem, as given in Equation (19), can be applied to this problem



as follows:
p(Y|X, B) p(B)
p(Y]X)

which states that the probability a model describes the input data, p(5|X,Y),
can be estimated by knowing the likelihood that this data was generated by a
process described by the model, p(Y'|X, ), and the probability of that model
itself, p(8). Another way to look at this is noting that the posterior incor-
porates information about the input data, meaning that the prior probability
distributions of the free parameters have been constrained based on the provided
evidence or input data. Within the machine learning community, it is common
to say that the model has been trained using the input data sets.

p(BIX,Y) = (24)

3.1 Assumptions

From here, the first assumption made in this derivation is that the model basis
is linear in 8. With this assumption, the likelihood can be found by calculating
the probability of Y, as described by Equation (5), which requires more assump-
tions in the probability distributions of the variables, X, £, and €. Due to the
decoupling of 8 from ®, the following shorthand is used from this point forward
to improve the readability of this document:

®=d(X) (25)

Note that no distribution is attributed to ® itself, meaning that the model basis
must still be pre-selected and fixed for any given application. This turns out to
not be as significant of a restriction as for the least-squares regression method,
as will be shown later.

Firstly, the joint probability distribution of B is assumed to be a collec-
tion of independent Gaussian-distributed random variables with zero mean, as
characterized by:

() ~ N0, %) = ~597551) (26)

it
————exp
27X 5]

It should be noted that this zero-mean Gaussian-distributed assumption implies
no loss of generality, as 5 simply represents a collection of free parameters.
As these are, by definition, arbitrarily chosen to satisfy some condition on a
goodness-of-fit metric and no restriction is applied to ¥, this assumption does
not restrict the solution space. This does, however, provide an inherent but
weak form of reqularization, as solutions with large S values will automatically
be considered less likely than solutions with more zeros.

Secondly, the joint probability distribution of €, or the output noise, is also
assumed to be a collection of independent Gaussian-distributed random vari-
ables with zero mean, as characterized by:

1
ple) ~ N0, 2,) = Tz ) (27)

1
— X
NN p( 2



By making this assumption, it is implied that the distribution of the noise in Y is
Gaussian. As opposed to the assumption made on 3, this assumption imposes a
strong restriction concerning the noise sources of the input data, which may not
always be true. However, in practice, if sufficient care is taken to transform the
variables such that the noise has Gaussian-like statistics and remove the outliers
without significantly altering these statistics, the results from this process still
yields useful information. For improved rigour and robustness, other processes
exist which build on the GPR framework and can account for non-Gaussian
noise though they typically are much more intense computationally.

Lastly, the joint probability distribution of X, or the input noise, is assumed
to be a Dirac delta function, given as follows:

p(X) = 6(X = X) (28)

which essentially means that X is treated as a deterministic variable, with zero
probability for X to have any value other than its given value. This is also
a strong restriction as it does not allow this process to inherently account for
potential errors in the independent or control variable. An improved methodol-
ogy has been developed for handling input noise, involving the propagation of
the input noise through the model, via gradient quantities, and treating them
as modifiers to the output noise. This improved GPR is called noisy-input
Gaussian process regression (NIGPR) and will be expanded on later.

3.2 Derivation

This section will feature a number of detailed mathematical concepts, due to
the combination of matrix algebra and multivariate Gaussian integrals. The
results are summarized in Section 3.3.

3.2.1 The Posterior Distribution

By combining Equation (5) and the assumption outlined in Equation (27), the
likelihood can be calculated as such:

e[ Ltyv_esnTsry
PYIX.B) = e (-5 (- 29 5 (- #8)) (29

where all variables except € are treated as deterministic. Then, by substituting
Equations (26) and (29) into the numerator of Equation (19), the posterior can
be expressed as:

exp(=4 (v = ®8)" £, (v — 88)) exp(-1875;"5)
p(Y]X)
exp(~3 [(V - @8)" 51 (v - @8) + 675;'5) )
Jexp( =3 [(v - @8)" =it (v - @) + 5755"5] ) a8

p(BIX,Y) =
(30)




Then, the expression inside the square brackets of Equation (30) can be
expanded and simplifed, as follows:

[]=( —@p)" 51 (Y - 2p) + 57518
—YTy-ly —yTy-1e5 - gTeTy 1ty + g7 (@Tz;fq» n z;l) 5 (31)
=Y'S 'y —287@Ts Y + pTAB
where the following matriz transpose relation for a generic matrices, U and V,

is useful:

uv)' =vTu” (32)
along with the fact that each term in Equation (31) yields a single-element
matrix, i.e. (ﬂT{)TZle)T = BT®TY Y. Then, from Equation (31), a term
independent of 8 can be added and subtracted in order to express 3 in quadratic
form, through a process known as completing the square. The procedure to
accomplish this from a generalized expanded form, P(z, U, V), where z is the
variable to be written in quadratic form, U is any symmetric positive-definite
square matrix and V is any generic vector, is as outlined below:

P(z, U, V) =2TUz - 2.7V
= Uz -2 "vu v+ viuTlvy —vTuTlv
—-UV) U(z-UW)-VIU WV
=Q(z,U,V)-VTUu-lv

(33)

where Q(z, U, V) is simply a short-hand for the quadratic form of z introduced
for improved clarity. Note that the following matriz inverse relation, for a
generic invertible square matrix, U, is useful in the derivation of Equation (33):

UUu '=U"'U=1 (34)

where I is the square identity matrix, which can be multiplied to any appro-
priate matrix or vector without altering it. Applying the procedure outlined in
Equation (33) to Equation (31) yields:
L]=(B-A"8Ts'Y) A(B- A7'®7S'Y) + Y BY (35)
where
A=@"s '@+ x5!
1 1 16T y—1 (36)
B=%"-Y"®AT® ¥

It should be noted that since ¥,, and X5 are diagonal matrices, £ = %,, and
Zg =3g.

The integral required to determine the normalization factor can also be cal-
culated quickly, shown generally as an extension of the generalized quadratic

10



completion procedure outline in Equation (33) as follows:

I1(z,U, V)= / exp |:—;P(Z,U, V)} dz
- 1 LTyt
= exp fiQ(z,U,V)anV U 'V|dz

:exp(;VTU_ > VU / [ (2,U V)]d

V]2rU-1|
= /|27U-1| exp<2VTU1V)

where the integrand in the second last line, when combined with the square
root term in the denominator, forms a normalized Gaussian distribution in z,
for which the integral with respect to z from —oo to oo is unity.

Now, Equation (35) can be substituted back into Equation (30) and applying
the procedure outlined in Equation (37), the following result is obtained:

1 1 -
X, —_— ——(B=TY) A(B-TY
PN = oo -5 0T AG-T)
~N(TY,A™)
where A is given by Equation (36) and
r=A'e’y ! (39)

which is introduced simply for improved readability. It should be noted that T"
is not generally a square matrix, as ® is generally not a square matrix.

It should be noted that the GPR algorithm as given in Equation (38) yields
no actual advantage over the WLLS regression, described in Section 1.3, as the
computation still requires an explicitly defined matrix representing the model
basis, ®, and by extension, the parameter vector, 5, as well. This implies that
there is no computational advantage gained for a large basis function size, m.

3.2.2 The Predictive Distribution

However, for most applications, knowledge about the posterior probability dis-
tributions of the free parameters, 3, are largely unnecessary. It is by far more
interesting to know the predictions of the model, Y, at specified inputs, X, re-
sulting from these trained free parameter combinations. Following this premise,
the probability distributions of the predictive model can be determined as fol-

lows:
oo

p(Y X, X,Y) = / p(Y.|X.. ) p(B|X,Y) dB (40)

— 00

where p(8]X,Y) is given by Equation (38). A simple comparison of the com-
ponents of Equation (40) reveals that it is the likelihood of a set of predictions,

11



given a model, weighted by the posterior probability of the given model de-
termined from the input data and integrated over all possible models. Then,
by substituting Equations (29), with X,Y replaced by X,,Y., and (38) into
Equation (40), the integrand can be expanded and expressed as:

xp( 5 [0 - #0750 - @)+ TV A=) )

where A is given by Equation (36), T is given by Equation (39) and
P, = P(X,) (42)

Due to the quadratic nature of the components of Equation (41) resulting from
the Gaussian distributions, the procedure outlined in Equations (33) can be
applied to the expression in the square brackets in order to yield:
YIS Y, - 1ol Y. — YR @0+ 5T RN, [ ®.5
1= +B8TAB — BTATY —YTTTAB + YTTTATY

VIS, —28Tels Y, + 8T (A+ @%@, B

—28T®Tyly + YTy lealeTy ly (43)
YIS ly, + YTy leA ey ly
+ BT (A+@I% !®,) g - 28" (@IS, lY. + @75 1Y)

=Y 2oy, + YT @A @7 Y + P(B,G, Z, + Z)

where A is given by Equation (36), T is given by Equation (39), both substituted
in where necessary, and

G=A+®Is '®,, z. =o'y, Z=&'%'Y (44)

Once Equation (43) is resubstituted into Equation (41) and then into Equa-
tion (40), the first two terms of the last expression in Equation (43) can be
brought out of the integral as they are independent of 5. The resulting inte-
gral, labelled as J, can be solved using the procedure outlined in Equation (37),
resulting in the following:

J= /OO exp(—;P(ﬁ,G, Z —|—Z)>

— 00

= /[27rG~1] exp <; (Z.+2)" G (Z, + Z))

where G, Z and Z, are given by Equation (44).
Then, by recombining the first two terms of the last expression of Equa-
tion (43) and Equation (45), the predictive distribution can be written as fol-

12



lows:

[2rG1

Yo X,, X, V) = ) 2 L
p(Y:| )=\ o prAT|

exp (—; [Y*TZ;} Y,
+ZTA 2 — (Z,+2)" G (Z, + Z)D (46)

where A is given by Equation (36) and G, Z and Z, are given by Equation (44).
However, it is much more convenient to rewrite Equation (46) as a quadratic
in Y., such that it can be expressed explicitly as a Gaussian distribution it-
self. This can be done by expanding the expression in the square brackets of
Equation (46) and applying the square completion procedure, outlined in Equa-
tion (33), resulting in the following:
YIS v, +zTA7 'z - vIy le.c ety ly,
vy le.clz-zTG 1z

P(Y.,E,5,/®.G'Z)+Z" (A -G ) 2 (47)
Q(Y.,Ex,!®.G'2)

+z7 A -ct -Ggely

WES .G Z

n* n*

where A is given by Equation (36), G and Z are given by Equation (44) and

E=x -5, (A+ 07 le,) T Ty (48)

n*

Finally, by substituting the result of Equation (47) into Equation (46), the
predictive distribution can be expressed as:

1
Yi| X, X,Y) =D exp| —= Y*,E,E;j@*G‘lZ>
PV X Y) = D x5 ) o

~NETS e 22T

where G and Z are given by Equation (44), E is given by Equation (48) and

B [2rG1|
V278 [2m AL

X exp (;ZT (At -Gc Tt -ctely ey le.G ) Z) (50)

where A is given by Equation (36).

However, in the form given by Equation (49), there is still no computational
advantage between the GPR and the WLLS regression technique, due to the
explicit presence of the model basis, ®. In an attempt to circumvent this restric-
tion, the mean and variance parameters from Equation (49) can be expanded
and simplified. However, this simplification involves the inversion of ®, which

13



is tricky as it is generally a non-square matrix, meaning it is conventionally
non-invertible. Thus, a pseudoinverse should be used in place of the inverse
operation and one way to mathematically perform this inversion is called the
Moore-Penrose pseudoinverse, defined as follows:

(®73) T — dte-—1
! et = or (51)
" (237) | — " =1
where I is the identity matrix. This operation takes advantage of the fact that
any matrix multiplied by its transpose yields a square invertible matrix. It is
assumed that the form of this pseudoinverse taken in the following equations is
such that it reduces back to the identity matrix when reversed.

With Equation (51), it is now possible to simplify the inversion of =, given
by Equation (48), as follows:

== (T - necTely)
— {(Se.c [Gar —eTx;l])
= {le.c [(A+els e 8 - 2Ts 1) (52)
= (A®F + @7 — @75 )T GRrY,.
=®,A7'GP®/S,.
where A is given by Equation (36) and G is given by Equation (44). Then, by

substituting Equation (52) into Equation (49), the mean value of the predictive
distribution, denoted as E[Y,], can be simplified as follows:

EY, =="'%'®.G7 17
=@ A 'Ge Y, 2 0.7 Z
-1
— 3, ((I)TZ;1<I> + 2[;1) 3T ly

_pp-1 (53)
—o.[875,! (@307 +3,) (507) | @7y Y

— 0.5,87 (35,87 +%,) " (@7 Ty Y
— 0.5,07 (35,87 +%,) Y

where A is given by Equation (36) and G and Z is given by Equation (44),
all substituted in where necessary. Similarly, the variance of the predictive
distribution, denoted as V[Y,] = 271, can be expanded and simplified by using
the Woodbury matriz identity, given as:

_ _ _ _ _1\—1 _
(ViU1Va + Uy) ' = Uyt — U5 'Y (LU W, + UTY) T UG (54)

which holds true for any invertible square matrices, U; and Us, and any appro-
priately shaped matrices, V7 and V5, which satisfy the rules of matrix algebra for

14



this equation. Then, by applying Equation (54) on A~! inside Equation (52),
the following result is obtained:
VY, =@, A7 (A+ @[3, @) 1%,
=P A ADSY,, + AT RIS 1,8,

1
i (55)
= S+ @[5 - T80T (95,07 +3,) ' @5, @7

=%, +®, (@TE;IQ n 251)

= 9,587 +%,. - 8,5,87 (95,8” +3,) " &%,;7
where A is given by Equation (36) and is substituted in where necessary.

3.2.3 The Kernel Trick

In order for this method to provide an improvement over the least-squares meth-
ods, the explicit reference to the model basis, ®, should be removed from Equa-
tions (53) and (55). Since the predictive distribution, or the probability distri-
butions of the trained model, is expressed in terms of its mean and variance, it
is intuitive to also express the untrained model, denoted with Y, in this format
as well in order to gain some insight into the role of the model basis within this
Bayesian framework.

Firstly, it is useful to express the probability distribution of the untrained
model, as such:

p(¥) =p(8ne) = p(8)p(e) (56)

where the last form comes from using Equation (16), taking advantage of the
assumption that 8 and e are independent random variables. Then, by using
Equation (5) with Y replaced with Y, with the assumed variable distributions
given by Equations (26) and (28), the mean of the untrained model can be
expressed as follows:

E[7] = /Y vp(¥) av
- /ﬁ / (@5 + ) p(B) ple) de d
— /BCI)ﬂp(ﬁ) dﬁ/sp(s) d€+/85p(8) da/ﬁp(ﬁ) dg (57)

=¢Aﬁp(ﬁ)dﬁ+L€p(6)d€

— ®E[§] + E[¢]
=0

where the integration of the probability distributions on their own is equal to
unity, due to the normalization constant. The result of Equation (57) is not
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surprising given the assumptions taken, but it has implications that will be
discussed later. Similarly, the variance of the untrained model can be written
as follows:

v[y] = /N VY7 p(V)ay
Y
B /5/5(@/8 +e) (@3 +¢) p(B) p(e) de dp
- /B/(@ﬂﬂTq)T + ®pe” +epT BT +€€T)p(ﬂ)p(5) deds

® { /ﬂ 867p(5) dﬂ} BT 4 @ { /ﬁ 8(8) dﬁ} { [ e de} (58)

4 { / ep(e) ds] [ /ﬁ B8Tp(B) dﬁ} a7 + / ceTp(e) de
=@ V[E @7 + BEPIE [¢7] + E[]E[5T] &7 + V[¢]

=®%;87 +0+0+%,
=®Y07 + 3,

where the integral of only the probability density function is equal to unity, due
to the normalization constant, and it is assumed that 5 and ¢ are independent
random variable.

By examining Equation (58), it becomes clear that selecting the model basis,
® is equivalent to specifying the covariance of the untrained model, 37, mak-
ing it conceptually possible to replace one with the other. Coincidentally, by
comparing the result of Equation (58) to Equations (53) and (55), it becomes
evident that this replacement can be done mathematically as well. Specifically,
a new matrix variable, K, known as the kernel or Gram matriz, is introduced,
representing the covariance matrix of the untrained model, and it is defined as
such:

K(X1,Xs) = 85387 = ®(X;) 25 &7 (Xy) (59)

where the subscripts 1 and 2 are used merely to emphasize the fact that they can
have distinct numerical values but must represent the same conceptual variable.
Substituting Equation (59) into Equations (53) and (55) yields the following
simplified forms for the mean and variance of the predictive distribution:

ElY,] = K(X,,X)[K +%,]'Y

VIY.] = K. + X, — K(X,, X) [K+En]71K(X,X*) (50
where the short-hand, K = K(X,X) and K, = K(X,, X.), was used for im-
proved readability. From here, the computational advantage of the GPR tech-
nique becomes apparent, as the most complex calculation involves the factoriza-
tion, a process which facilitates the matrix inversion operation, of the kernel, K,
which is an n x n matrix, where n is the number of input data points, (X,Y).
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This means that the GPR method can essentially use an infinite set of basis
functions to fit the data without incurring any significant penalty in computa-
tional speed. However, the disadvantage is that the fitted function cannot be
expressed in an analytical form, excluding the resulting fits from being subjected
to certain types of additional analysis.

One such kernel derived from an infinite set of basis functions is called the
square exponential (SE) kernel. Specifically, the basis functions are an infinite
set of unnormalized Gaussians, with each centered on a different point in the
space but all with an identical “width”, denoted with o4, expressed as:

® = {yi(x)}  where, yi<x>:exp<—(x"“)> (61)

2
209

where pu; represents the center position of the given Gaussian basis function,
each given a unique subscript 4. Then, from Equation (59), the kernel element
can be evaluated for any pair of input data points as follows:

K(X1,X;) = ®5307
N
= lim Y yi(X1) 0F yi(X2)

N —00 “—
%

[e's) 2 2
_ 9 O SED) (Xo—p)
=05 /700 exp( 202 ) exp( 7203 dp

e 2u? —2u (X1 + X X2+ X2
0[23/ exp(— M i 1"‘22)"' it 2)d,u
203

U%/‘X’ exp<_ (”*%(X1+X2)) (Xl_X2)2>d

(62)

— 00

2 (0,/2)" 2(V20,)’

= o2, /702 exp <(X1 - X2)2>
TN 2 (vae)’

o exp X=X Xs)’
212

where procedures similar to those outlined in Equations (33) and (37) were
applied to arrive at the final expression.

In order to actually calculate the predictive distributions given in Equa-
tion (60) for performing regressions, two things are still required: a selection for
the kernel, K, and a definition for the variance of the predicted noise, 3,,.. The
first requirement, ie. the kernel, can be arbitrarily chosen but must satisfy the
conditions of being symmetric and at least positive semi-definite, due to the fact
that it represents the covariance of the untrained model. The second require-
ment, ie. the variance of the predicted noise, is unfortunately not so flexible, as
it must be done consistently with the variance of the output noise, 3, in order

— 00
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for the predicted variance to have any meaning. Since the size of 3,,, does not
generally equal the size of 3,,, it is not mathematically sufficient to simply make
the two equivalent. In the most basic application of GPR, it is assumed that
the variance of the output noise, 02, is the same for each individual input data
point, allowing for the selection:

o2, = o2 (63)
This approach is called the homoscedastic GPR, as all the random variables
are treated as having the same finite variance. It should be noted that this
choice does not normally allow the regression technique to account for individual
measurement errors, as it replaces this information with a constant noise value.
One could pre-treat the measurement error data in order to determine a single
constant that captures these errors, but methods of doing this in a self-consistent
and statistically rigourous manner will not be discussed in this document.

It should be noted that the GPR technique, as given in Equation (60) has
been fully derived and can be used in combination with input data, (X,Y), a
noise variance estimation, o2, and a kernel, K (X1, X5), to produce a model and
make predictions from that model. From this point forward, the discussion will
switch to methods of improving this methodology.

3.2.4 The Kernel Function and Application of Derivatives

From Equation (58), the elements of the kernel matrix, K, can be seen as the
covariance of the noise-free untrained model between any two given points in the
independent variable space, X. Thus, in order to facilitate the interpretation
of the results, the kernel matrix is typically calculated from a kernel function
or covariance function, denoted with k(x1,x9,0), where z; and zo denote a
continuous independent variable space and 6 represents a set of hyperparameters,
conceptually replacing the externally-adjustable free parameters, 5. By taking
the example shown in Equation (62), the SE kernel function can be expressed
as:

(w1 — 32)°

k(xlny?e) = 0 €Xp <_ 2[2

) where 0 ={o,l} (64)
where the hyperparameters allow for the fine-tuning of the model without wor-
ries of overfitting from the infinite set of basis functions. It should be noted
that there are many other kernel functions available to be used, with each one
having different regression model characteristics. However, these kernel function
options will not be discussed in this document.

Given that the chosen kernel function is at least mixed second-order dif-
ferentiable, meaning that 0k/0x1, 0k/Oxs, and 0%k/Ox10x, exist, derivative
information or constraints can be added into the problem by extending the set
of input data points to (X', Y”), with each defined as follows:

oy e
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Then, in order to account for the input derivative data in the predictive equa-
tions, the appropriate kernel matrix elements must be found. As the kernel
effectively represents the covariance between any two input data points, the re-
quired kernel matrix elements should also describe the covariance between the
input derivative data and any other input data point, including itself.

In order to find the expressions for these covariances, a good starting point
is to take the derivative of the untrained model, Y, as follows:

Y 0%, 0O

ax _ox’ T ax (66)

since f is independent of X, as stated in Section 3.1. As it is not generally
assumed that the noise is independent of X, its derivative is included in the
derivative of the untrained model. Then, by employing a similar procedure to
that used in Equation (58), the variance of the derivative of the untrained model
can be expressed as follows:

~ ~ ~T
% % —[}5;(5; p(?)d?
) 82;)?)V[5]6@8T)§f2) E[aa;l]E[ﬁT] &{’;}g{?)
) + %E[ﬁ] E [gi] +V [88;} (67)
= aX?:)XQ (PX587) +0+ 0+ 2,4
2
- o,

where the derivatives with respect to X; and X, can be applied to the entire
expression as only ® and ®7, respectively, are dependent on those variables in
that expression. The covariance between the model and its derivative can also
be found in a similar fashion, as follows:

Ve ~ T
- oY O A
oFax) - Y aw )
(I’(Xl)V[ﬁ]aT(ﬂ""_E[E]E[ﬁT] aT(22)
) o™ Oe (68)
+®(X1)E(B)E {%} e {57 ax]
0
= 7, (BZp®") +0+0+0
_OK(X1, %)
T 09X,
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where it is assumed that the covariance between the noise term and its derivative
is zero. Through a similar derivation, the covariance with the inputs switched
can be expressed as:

oY -
Y
0X

¢ 00X,

Then, using Equations (67), (68) and (69), the kernel matrix and noise
matrix can be updated as follows:

K(X1,Xp) 2KCXe) S, 0
K= K(X{,Xé) B [BK(thXz) 82K(Xd(li?Xdz) ) E,” 1o Ynd (70)
8XCL1 OXdlaXdZ

where X,,4 = 0 in the homoscedastic case, as a flat noise function has a deriva-
tive of zero and an associated error of zero. By applying Equation (70) to
Equation (60), the homoscedastic predictive equations become:

ElY.] = K(X.. X')[K' +%,]7' Y’

_ (71)
V[Y,] = K, + Sps — K(Xo, X)) [K'+ 5] K(X, X))

where Equation (63) still applies.

Additionally, provided that the chosen kernel function is at least second-
order differentiable, the derivatives of the predictive distribution can also be
determined. The mean value of the derivative of the GPR prediction in Equa-
tion (71) can be found as follows:

g[O-]_ [ ov.
9X, v 0X, 7

5[] o

_ OE[Y)]

T 0X,

_ OK(X.,X')
N 80X,

(¥.) dY.

K+ 'Y

where the derivative can be taken out of the integral since the probability density
function, p(Y.), depends only on the value of the variable, Y, itself. In other
words, this operator exchange can be done since the expectation value is a
linear operation. Similarly, the variance of the derivative of the GPR prediction
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in Equation (71) can be found as follows:

V[an] :/Y Y, (X,1) OV, (X,2) P(¥.)dY.

0X. 0X1 0X .2
0 0
= Y. p(Y.)dYs
0X.1 0Xso [/Y p(t.)d } 73
_ VY] ™
B 6X*18X*2
K. OK(X., X)) K OK (X', X,2)
8X*18X*2 a)(*1 " aX*2

where 0%, /0X 10X .o = 0 in the homscedastic case. Thus, as shown in Equa-
tions (72) and (73), the GPR method can also provide a prediction of the deriva-
tive of the fit and its confidence interval simply by computing the first- and
mixed second-order derivatives of the kernel function. The equations for doing
so are summarized below:

Y.l OK(Xa, X)) el
B2 L AU oy oy .
y[ Y] _ K. 9K(X. X)) K OK (X', X.)

0X,|  0X.0X, X, n X,

where the subscripts 1 and 2 were removed to improve readability.

3.2.5 The Noise Function and Heteroscedastic GPR

In contrast to the homoscedastic GPR given in Equation (60), a heteroscedastic
GPR would allow each of the random variables to have its own specified variance,
thus allowing the accounting of individual measurement errors. As the predicted
variance, Y¥,., in any GPR must defined consistently with the output noise
variance, X, such a modification would require a way to estimate the predicted
variance from the set of measurement errors. One method to achieve this is to
apply a separate GPR to the set of measurement errors, (X, oy ), themselves.
This generates an approximation for the output variance as a function of the
independent variable, r(x), expressed as such:

r(x) = Eloy] = Kn(z, X) [Kn + 3] oy (75)

where the noise kernel, K,, does not necessarily have to be the same as the
predictive GPR kernel, K, and it is usually assumed that the variance of the
measurement error is zero, ie. ¥, = 0. Since Equation (60) requires the terms
in matrix notation, the heteroscedastic noise matriz, R(X1, Xs), is introduced
and is defined as follows:

R(Xl,Xg) Z’I"(Xl)’I“(XQ) (5(X1 :XQ) (76)

where 0 is the Dirac delta function, as introduced in Equation (28).
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Then, by substituting Equation (76) into Equation (60), the heteroscedastic
predictive distribution can now be expressed as:

E[Y,] = K(X.,X)[K + R]"'Y

_ (77)
V[V, = K, + R, + K(X,,X)[K + R] "' K(X, X,)

where the shorthand notation K = K(X, X), R = R(X,X), K. = K(X., X.),
and R, = R(X., X.) was used to improve the readability of the equation. Due
to the introduced dependence of the predicted noise on X, the predicted deriva-
tives are also modified, as follows:

oY,  OK(X.,X) 1
E{aX*] =X, [K+R]Y -
v av.]  O’K, N 9%R, N 0K (X, X) K+ R 0K (X, X.)

0X,| 0X.0X. 0X.0X. 0X, 0X.

It should be noted that R, /0X.0X. can result in extremely large derivative
variances if the noise function, r(x), behaves erratically. As such, it is advised
that the kernels used for the GPR of the measurement errors be selected carefully
to avoid this artificial inflation of the error.

Although this is not a typical scenario, this derivative error inflation prob-
lem can be circumvented provided that a sufficient number of derivative data
points were supplied, each with their own uncertainty information. With this
data, another GPR can be performed on their uncertainties to produce an ap-
proximative function for the derivative noise, rq(xz). Then, OR./0X,0X, in
Equation (78) can simply be replaced with the following expression, evaluated
at the points, X,:

Rq=rq(Xa1)ra(Xa2) 6(Xa1 = Xaz) (79)

which is typically exhibits a more stable behaviour, and comes from a similar
ideology as in the justification of Equation (76).

3.2.6 The Log-Marginal-Likelihood and Fit Optimization

It should be noted that the GPR technique up until this point merely produces
a model with the user-specified hyperparameters, 6, without any metnion of
an optimal solution. Thus, in order to draw an analogy to the minimization
problem outlined in Section 1.1, it is important to define a goodness-of-fit metric
for this technique. One possible metric is the log-marginal-likelihood (LML),
mathematically expressed as follows:

1 _ 1 1
logp(Y'|X") = — 5 YT [K' + R'] 'y - 5 l08| K+ R'| — Nlog2m  (80)

where the vertical brackets indicate the determinant of the enclosed matrix and
N represents the number of data points, including any input derivative data.
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A closer examination of this expression reveals that the first term quantifies an
actual goodness-of-fit, due to its dependence on Y, the second term penalizes
kernel complexity, which reduces the chance of overfitting to the data, and the
last term represents a normalization constant to the size of the input data set,
N.

As the LML represents the probability of the marginal likelihood, or the
likelihood of the evidence integrated over all possible models described by this
kernel, mazimizing it selects the hyperparameters that have the highest prob-
ability of producing fits that match the input data. It is crucial to note that
this goodness-of-fit metric, similar to the SSE given in Equation (2), provides
no guarantee that the physical processes behind the data is modelled correctly
by the chosen kernel.

The maximization process can be accelerated by employing the derivative of
the log-marginal-likelihood with respect the hyperparameters, as such:

i II_E/T / /—ILI{/ / 11—1 1

7, logp(Y'|X') = 2Y [K'+ R'] a0, [K'+R] Y
1 0K’
2tr<[K + R'] o, (81)

which requires the derivative of the kernel function with respect to the hyper-
parameters, 0k/00;. In practical implementations, it has been found that using
analytical hyperparameter derivatives have little impact on computational speed
of the GPR, as compared to applying numerical approximations for this deriva-
tive, when the chosen kernel contains less than 15 hyperparameters. This is
likely due to the relative complexity of the analytical expressions of the deriva-
tives as compared to the kernel function itself. However, this fact has not been
verified with all kernels.

If these derivatives, or gradients, with respect to the hyperparameters are
calculated, then the most simple and robust method for performing this maxi-
mization is called the gradient ascent method. There exists other optimization
algorithms which provide additional benefits, but these will not be discussed
further in this document.

3.2.7 Regularization

Despite the use of an infinite set of basis functions, the GPR naturally avoids
overfitting the data through using the kernel trick. However, this does not mean
that the chosen kernel function itself cannot reinstate the danger of overfitting by
being containing too many hyperparameters. In order to provide an additional
defense against this undesired regression phenomena, an additional parameter
called the regularization parameter, A, can be added to the optimization “loss”
function, represented by the LML described in Equation (80), as follows:

1 _ A 1
logp(Y'|X") = —5 YT [K' + R'] 'y - Slog|K' + R'| ~ SNlog2m  (82)
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Note that since the second term of this equation effectively penalizes the com-
plexity of the kernel, and hence the complexity of the resulting model, a larger
value of X\ increases the favourability of simpler models. Heuristically, for ker-
nels with 5 or less hyperparameters, A can range anywhere between 1 and 10
but typically does not exceed 15.

3.3 Summary

The predictive distribution of the GPR, given a set of input data points, (X,Y),
derivative data points, (X4,0Y/0X,), can be expressed as:

E[Y,] = K(X,,X)[K'+ R']""Y’

_ (83)
V[V.] = K. + Ro + K(X., X') [K' + RV K(X', X,)
where
X Y
X':[ } , Y':[a } (34)
Xaq a))(/d
K(X1,X5) OK(X1,Xa2)
K'= K(X{,X5) = | gR(xur Xa) 0K Kot Xao) | (85)
6Xd1 8Xd18Xd2
R(X1, X 0
R'=R(X;, Xp) = [ ( B ? Ry(Xa1 Xd2):| ’ (86)

K and R are matrices with size equal to the number of elements in their first
argument times the number of elements in their second argument, and K’ + R’
must be a positive semi-definite square matrix to ensure its invertibility.

Typically, K is referred to as the kernel and is defined via a kernel function,
k(x1,x2,0), as such:

k(ﬂ?n,xn,e) k($11,$22,9) k(ﬂfn,xzm,g)
/f(xlz,le,@) k(x12,$2279)

K(X1, Xp) = : . (87)
k(:clna:EQhe) k(:clnaZQm’e)

where n is the number of elements in vector argument, X, m is the number of
elements in vector argument, X5, and 6 contains a set of externally adjustable
hyperparameters in order to fine tune the resulting fit. The kernel function can
be chosen by the user to encourage specific behaviours in the learned models,
with each kernel function exhibiting different general characteristics.

Similarly, R can be referred to as the noise kernel and is defined via a noise
function, r(z), as such:

T(ZL‘ll)OT(l‘Ql) 0 N 0
R - | e (59)
0 T(Iln) T(an)
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where the two arguments must be identical in this function, ie. X; = X5. It
should be noted that the matrix, Ry, is identical to Equation (88), except that
the noise function, r(x), is replaced with r4(x), a function which describes the
noise in the derivative observations. Typically, the noise function itself is not
known from first principles, but it can be estimated by using a separate GPR
with the input set, (X, oy ), where oy represents the measurement uncertainty
of the data set, Y. In this error estimation GPR, it is recommended to set
r(z) = €, where € < 1 is a constant value in z, to ensure that the matrix,
K’ + R', is properly conditioned for numerical inversion operations.

Once the inputs are clearly defined, the resulting fit can be optimized by
adjusting the values of the kernel function hyperparameters, 6, such that it
maximizes the log-marginal-likelihood, defined as follows:

1 _
logp(Y/|X/) _ _ile [K/ +R/] 1

Y’ — glog|K’ +R'|— %Nlong (89)
where A is called the regularization parameter, which can be increased to push
the algorithm to select smoother fits, and N is the number of input data points
provided to the GPR algorithm. By using this criteria for optimization, the final
fit has the highest probability of producing fits which match the input data, but
does not provide any guarantee that the fit correctly models the underlying
physical processes described by the data.

The predictive distribution of the derivatives of the GPR can also be com-
puted through a similar methodology, provided that the kernel function used is
differentiable either numerically or analytically, as follows:

Y, OK(X.,X') , .,
E[axj - 0X. L=y
(90)
v ov,]  0%L. +8K(X*,X’) L,_laK(X’,X*)
0X.| 0X.0X. 0X. 0X,

where L = K + R was used to improve the readability, which is further extended
to provide the definitions, L, = K, + R, and L' = K’ + R'.
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