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Abstract

We introduce six quantities that generalize the equinoctial orbital elements when some or all
the perturbing forces that act on the propagated body are derived from a potential. Three of
the elements define a non-osculating ellipse on the orbital plane, other two fix the orientation
of the equinoctial reference frame, and the last allows us to determine the true longitude of
the body. The Jacobian matrices of the transformations between the new elements and the
position and velocity are explicitly given. As a possible application, we investigate their use in
the propagation of Earth’s artificial satellites, showing a remarkable improvement compared
to the equinoctial orbital elements.

Keywords Non-singular orbital elements - Orbit computation

1 Introduction

The set of elements investigated by Broucke and Cefola (1972):

a, A =My+ o+ £2,

h=esin(w+ £2), k=ecos(w+ ), (1

i i
= tan — sin £2, = tan — cos §2,
P 2 a 2

where a, e, i, 2, w, My are the classical Keplerian elements, are usually referred to as the
equinoctial orbital elements, hereafter EQOE. This expression was coined by Arsenault et al.
(1970), who were also the first to introduce the equinoctial reference frame (see Sect. 2.2). The
appearance of similar elements in Celestial Mechanics dates back to Lagrange’s secular theory
of planetary motion. A slight different version of the quantities p, g, where the inclination
i replaces i /2, is employed in Lagrange (1781, p. 130). Moreover, the two quantities N and
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M introduced at p. 135 of Lagrange’s paper are a small-inclination approximation of k& and
h, after dividing by the gravitational parameter.

One of the most relevant variations of the EqOE is due to Walker et al. (1985). They
proposed to replace the semi-major axis with the semi-latus rectum and the mean longitude
at epoch (%) with the true longitude. In this way, the resulting set can be applicable to all
orbits, while the EQOE work with negative values of the Keplerian energy only. However,
both sets are singular for retrograde equatorial orbits (i.e., i = ) and for rectilinear motion.
These modified equinoctial elements are particularly suitable for optimal low-thrust orbit
transfers as described in Kéchichian (2018).

Battin (1999, Sect. 10.4) provided useful relations for the classical equinoctial elements
and their time derivatives, employing the mean longitude in place of Ag. Broucke and Cefola
(1972) reported also the matrix of the partial derivatives of the position and velocity with
respect to the EQOE, and the inverse of that matrix, along with the Lagrange and Poisson
brackets. The authors discussed the advantages of the EQOE with respect to the universal
variables for computing general perturbations of planets. In a subsequent paper, Cefola (1972)
focused instead on their use as a special perturbation method and obtained single-averaged
variational equations in Lagrange’s form for different perturbing forces, showing also some
numerical results. Moreover, an alternative set of EQOE was presented that is non-singular
for i = m (the singularity is moved to i = 0).

Thanks to the renewed interest in the EQOE showed in the early 1970s, they became very
appealing for orbit computation programs. For example, the theory of motion of artificial
satellites around the Earth known as Draper Semianalytic Satellite Theory (see Danielson
et al. 1995, and references therein) is based on these elements. Furthermore, Junkins et al.
(1996) showed that the orbital elements can be more effective than the Cartesian coordinates
in predicting the shape of uncertainty distributions with the linear error theory, especially
when the observed arc is sufficiently wide. However, classical orbital elements are strongly
affected by nonlinearities arising from small values of inclination and eccentricity, while non-
singular elements, such as the EQOE, are well-suited for the representation of uncertainties
also in these situations (Milani and Gronchi 2010, pp. 120-121). An important advance in
this research field is due to Horwood et al. (2011), who replaced the semi-major axis with
the mean motion. The resulting alternate set of elements (AEqOE) preserves Gaussianity of
the initial state uncertainty through its propagation at any time in a pure two-body dynamics.
This property was already noticed by Milani and Gronchi (2010, Sect. 7.4) for the orbit
identification problem. Curiously enough, the mean motion appears as one of the elements
in the aforementioned paper by Arsenault et al. (1970).

Generalizations of the EQOE that account for perturbing forces in the elements definition
have been proposed. In arecent work, Aristoff etal. (2021) show the improvement in nonlinear
uncertainty propagation obtained by a set of “J, equinoctial orbital elements (J,EqQOE)”.
The proposed elements are defined through a multistep iterative algorithm that hinges on
the Brouwer—Lyddane solution of the Jp-perturbed satellite problem. No direct ordinary
differential equations are provided for the evolution of these elements. Another relatively
recent contribution is due to Biria and Russell (2018), who introduced the oblate spheroidal
equinoctial orbital elements, which are formally defined as the modified EqQOE of Walker
et al. (1985), using spheroidal elements based on Vinti’s (1959) theory in place of Keplerian
elements. The new equinoctial elements have been used by Biria and Russell (2020) to write
the analytical solution of Vinti’s problem.

In this paper, we propose a generalization of the EQOE, which is possible when some or
all of the perturbing forces are derivable from a potential energy % . They have been designed
especially for improving orbit computation of Earth’s satellites. In Sect. 2, we describe how
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% can be embedded in the definitions of the generalized semi-major axis (a) and generalized
Laplace vector (11g), which fix a non-osculating ellipse on the orbital plane at every instant of
time. The projections of g along the in-plane axes of the equinoctial reference frame define
P1, P2, 1.e., the generalized versions of the elements &, k. Kepler’s equation is written in
a new form where the generalized mean longitude £ or Ly appears. The generalized mean
motion v and the quantities g, g2, which coincide with p, ¢ in (1), complete our set of
generalized equinoctial orbital elements, hereafter GEqOE. The idea behind the proposed
method is the same that led to the development of two non-singular sets of orbital elements
known as DromoP and EDromo (Bau et al. 2013, 2015). We remark that while DromoP and
EDromo employ redundant variables, the GEqOE consist of six quantities only: v, p1, p2, £
(or Lo), g1, q2-

In Sects. 3—-6, we report the transformation from position and velocity to the GEqOE and
its inverse, the time derivatives of the GEqOE, and the Jacobian matrix of the transformation
together with the inverse of this matrix. In Sect. 7, we include some numerical tests to evaluate
the orbit propagation performance of our new elements against the alternate EqQOE as well
as the Cartesian elements (i.e., Cowell’s method). Conclusions and future developments
of this work are contained in Sect. 8. Finally, in Appendix B we show through an explicit
computation the step-by-step procedure to convert to and from GEqOE and Cartesian position
and velocity coordinates.

2 Derivation of the new elements

Consider a point P of mass m, which represents a small body (e.g., a spacecraft), subject to
the gravitational attraction of a body of mass M (e.g., a planet). We introduce a reference
frame

2 ={0;ey, ey, ¢}, 2)

with its origin in the center of mass O of the planet and unit vectors fixed in space. Let r be
the position of P relative to O, and ¥ the time derivative of r in X'. The point mass is also
subject to the perturbing force F, which is assumed to be the sum of two contributions:

F(r,r,t) =P(r,1,t) = VU (x,1). 3)

The vector P represents the perturbing force that does not arise from a potential, while —V%
denotes the perturbing force that arises from the potential energy %/, which depends on r
and possibly on time ¢. For future use, we introduce the orbital reference frame X, =
{O: e, er, e}, where

r rxr
€ = —, € =€, X€, €= |er..|-

“

In the remainder of the paper, we will refer to the equinoctial orbital elements to indicate
the set of elements presented in Broucke and Cefola (1972).

2.1 The non-osculating ellipse I

Let i = |r x i| be the magnitude of the angular momentum vector of P with respect to O and
r = |r| the orbital distance. Assume that » and & are strictly positive quantities. We define
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Fig.1 View from the angular ey
momentum vector of the
osculating ellipse (in light gray)
and the non-osculating ellipse I”
described in Sect. (2.1). The
generalized true anomaly 6 and
generalized longitude of
pericenter ¥ are also shown. The
velocities ¥ and v of P along the
two ellipses have the same radial
component 7

T

€x

the effective potential energy as
Ueft = 52 +. ®)]

Then, the total energy & can be written in the form

I,
éazirz_%_k%eff,

where 7 is the radial velocity and u = G(M + m), with G the gravitational constant. We
introduce the generalized angular momentum

¢ =V 22 Uetf, (©)

and the generalized velocity vector
U=i'er—|—gef. (7)
r

From now on, let us assume that & < 0. The pair of vectors (r, v) defines a non-osculating
ellipse I, having one focus located at the center of mass of the primary body of attraction.
Its shape is fixed by the generalized semi-major axis and generalized eccentricity, given by

m
By L ()

1
g= ;\/ u? +28&¢2. )

Denoting by e the eccentricity and by &k the Keplerian energy, we find

a—=

2U
gf =+ = [P+ 27k + W)
"

The ellipse 1" lies on the orbital plane, and its orientation on this plane is fixed by the
generalized Laplace vector (see Fig. 1)

Hg=v X (r x v) — e, (10)
where |g| = g.
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Remark 1 Note that when 7+ = 0, P is at the pericenter/apocenter of both the osculating conic
defined by the Keplerian orbital elements and the non-osculating ellipse I".

Let us introduce the generalized true anomaly 6 through the relations

2
gcos = — — 1, (1)
ur
. cr
gsinf = —, (12)
"
which are analogous to the well-known relations for the Kepler problem
/’l2
ecos f = — — 1,
ur
. hr
esin f = —,
"

where f is the true anomaly. The angle 6 allows us to recover the orientation of the radial
direction from that of g.

2.2 The elements v, p1, p2, £

Consider the classical equinoctial reference frame
Yeq =1{0;ex, ey, ez}.

The corresponding coordinate axes are defined with respect to X' (see equation 2) as follows
(Battin 1999, p. 494): a clockwise rotation about e, of the longitude £2 fixes the direction
of the ascending node!, a clockwise rotation around this axis of the orbital inclination i
establishes the direction of ez, and a counterclockwise rotation of §2 around the direction of
ez gives the axis associated with ex. The angular displacement between the direction of e,
and the departure direction defined by ey is called true longitude and is given by

L=w+f, (13)
where
w=w-++ 52,

with @ the argument of pericenter. For later use, we write the projections of the angular
velocity of Yeq with respect to X' onto the equinoctial axes as?

’
wyx = th cos L,

wy = Fh% sinL, (14)
” By tan - sinw + /)
= —— an — sin ,
wh h h 2 w

where Fj, = F - ¢;,. Note that wy, is not defined if i = 7.

1 If the line of nodes is not defined we can set £2 = 0.

2 The expression of wy, is obtained using (67).

@ Springer
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Let us introduce the angular variable ¥':
v =L-0. (15)

When % = 0, the angle 6 coincides with f and thereby ¥ = =, which becomes constant
if P = 0. It is straightforward to check that through the angle ¥ we can obtain the direction
of the Laplace vector from the direction of ey, and for this reason we call it the generalized
longitude of pericenter (see Fig. 1).

The first three elements of the new set are defined as

1
V= ;(—2@@)3/2, (16)
p1:=gsiny, 17)
p2i=gcos¥, (18)

where v is the generalized form of the mean motion n, and p1, p, are the generalized versions
of the equinoctial orbital elements £, k (Broucke and Cefola 1972). For later use, we introduce
the generalized semi-latus rectum

o=a(l—g, (19)
and note that the following formula holds:
= pe. (20)

which is obtained from (8), (9), (19). Moreover, since

1/3
a= <%> , Q1)

2 =pl+p3, (22)

we can write ¢ as a function of v, py, and ps:

MZ 1/3
c= <7> J1-=pi-pi (23)

At this point, we need to make another step to define the fourth generalized equinoctial
element. We first introduce the generalized eccentric anomaly G through the relations

r =a(l — gcosG), 24
ri- = g\/pnasin G, (25)
which are analogous to the well-known relations for the Kepler problem

r=a(l —ecoskE),

ri = e/ uasin E,

where a and E are the semi-major axis and eccentric anomaly, respectively. Then, the gen-
eralized Kepler’s equation can be written as

M=G —gsinG, (26)
where M is the generalized mean anomaly
M =v(t — 1), 27)

and 1y is the time of passage through the pericenter of the ellipse I" (see Remark 1).
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We include in the GEqOE the generalized mean longitude
L:=M+W. (28)
After defining in a similar way the generalized eccentric longitude as
K=G+VY, (29)
we can put equation (26) in the form
L =K+ picoskK — pzsin, (30)

where the right-hand side is derived by taking into account (17), (18), (28), (29). If we know
the values of p1, p2, and £, we can compute /C by solving Kepler’s equation (30). The orbital
distance and the radial velocity are obtained by means of the formulae:

r=a(l — p;sin K — p;cos K), 3D
Jua
F= —M(pg sin K — py cosK), (32)
,

which follow from eqs (24), (25) where we use definitions (17), (18), (29). Considering also
relation (21), we recognize that r and 7 are known from the first four GEqOE, i.e., v, p1, p2,
L, which are defined in eqs (16), (17), (18), (28).

It is worth noting that r and 7 can also be expressed as functions of the true longitude.
From eqs (11), (12) and (15), (17), (18), we have

o
r= ,
1+ pysinL + pacosL

7 =Y (pysinL — preosL), (34)
Cc

(33)

where o is introduced in (19).

2.3 The remaining elements

The three elements v, pj, p» determine the shape and orientation of the non-osculating
ellipse I" on the orbital plane, and L fixes the position of P with respect to Xeq. Therefore,
the remaining elements of the proposed set need to characterize the orientation of Xeq with
respect to X' (see equation 2), which can be recovered by applying the sequence of rotations
2,i,—-52.

The two elements p, g in Broucke and Cefola (1972), that is:

g1 = tan%sin.Q, (35)
¢> := tan % cos 2 (36)
satisfy our request, and therefore, it is natural to include them in the set of GEqOE. Another
possible choice is represented by the Euler parameters e, €3, €3, e4 (Goldstein 1980, p. 155)

that define the orientation of Xeq with respect to X'. We refer to Appendix A for more details
about this alternative formulation.
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2.4 Summary

A set of generalized equinoctial orbital elements consists of

v (eq. 16), p1 (eq. 17), p2 (eq. 18), L (eq. 28),

along with

q1 (eq.35), g2 (eq. 36).

The generalized mean longitude £ can be replaced by the generalized mean longitude at epoch
Lo as shown in Sect. 5.1. These sets of elements represent two generalizations of the alternate
equinoctial orbital elements proposed by Horwood et al. (2011) (see the Introduction), with
an improved propagation performance, as it will be shown in Sect. 7.

Remark2 1f & > 0, the proposed generalization is not defined. However, restrictions on
the values of the total energy can be avoided if the quantities v and £ are replaced by the
generalized semi-latus rectum o (19) and the true longitude L (13), respectively. A consequent
benefit coming from employing the elements o, pi, p2, L, q1, g2, is that we do not need to
solve Kepler’s equation. This set may result particularly suitable for orbit transfer problems
(see Kéchichian 2018, Ch. 9).

3 From position and velocity to the new elements

Assume that we know the position (r) and velocity (r) at some time ¢ with respect to the
reference frame X'. We want to determine the values of the new elements.

First, we get the unit vectors e,, € 7, €, of the orbital reference frame using their definition
in (4), and the quantities

r:|r|a i‘:77 h:|r><l.'|.
r
We compute the total energy
E(r k1) = Eg(r, k) + % (x, 1),

where &k is the Keplerian energy and the function % does not depend on . The element v
is obtained from eq (16).
The elements g1, g» are given by (see Cefola 1972, where g1, g» are denoted by p, ¢,

respectively):
g1 = [/ g = —€, - €y
Tl te e T lxe e

For the unit vectors ey, ey, ez of the equinoctial reference frame we apply the formulae

1 5 ) T
ex = ———— (1—9q7 +493. 20192, —2q1) .
1+q12+q22
1 ) 2 T
ey = ——— 2q192. 1 +4qi — 343, 2q2) . 37)
1+q12+q22
1 2 nT
ez = ——— (291, —2q2, 1 —q7 —q5) .
riTa )
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After computing in sequence ¢, v, and g from eqs (6), (7), and (10), we can find the values
of the elements p1, p> from the two projections

P1 =g ¢€y, P2 =g-€x.

Finally, we want to determine the generalized mean longitude £. We first find the position
coordinates in Xeq:

X =r-ey, Y =r-ey.
Then, we obtain £ from the generalized Kepler’s equation (30) written as
1
£ = atan2(sin K, cos K) + ?(Xpl —Yp), (38)
a

where a is a function of v and the constant u, only (see 21),

1
cos K = pr + g[(l — ap%)X —ap1p2Y],

. 1
sin K = p; + g[(l — Olp%)Y —ap1p2X],

1 /
a:71+'8, ,8: 1—[)%—[)%. (40)

In Appendix D, we explain how eqs (38) and (39) can be obtained.

(39)

and

4 From the new elements to position and velocity

Assume now that we know the values taken by the new elements at some time # and we want
to find r and r at that epoch.

We first solve Kepler’s equation (30) for IC. Then, we get the unit vectors ey, ey of the
equinoctial reference frame from (37). The position and velocity vectors can be expressed as

r = Xeyx + Yey,
. . . (41)
r = Xeyx + Yey.
We compute the coordinates X, Y through the formulae (see Appendix D)
X = afapipasink + (1 —ap})cos K — pa], )

Y= a[ap1p2 cos K+ (1 — ozp%) sin iC — pl] ,
where a, o are obtained 'fro'm (21), (40).

For the coordinates X, Y, we have

. h
X =r7cosL — —sinL,
; (43)
Y =7sinL + —cos L,
r
where r, 7 are obtained from (31), (32), and

X . Y
cosL = —, sinL = —.
r r
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Finally, noting that the function % does not depend on F, we can use eq (6) to calculate A:

h=+c?=2r2%(x, 1), (44)

where ¢ is given by (23).

Remark 3 The procedure outlined in this section and in the previous one follows closely
Cefola (1972). The only difference is that analogous eqs to (29) and (30) of that paper cannot
be written here for X, Y. m]

5 Time derivatives of the new elements

We write the time derivatives of the new elements using the orbital basis defined in (4). As
shown in Kéchichian (2018, Ch. 8) for the classical equinoctial elements, this basis allows
us to obtain compact expressions.

The time derivative of v is given by

b \/3
b= —3(—2> é, (45)
"
where 5
&= U +7iP + —Py. (46)
r

In the preceding expression, we have P, = P-e,, Py = P-er, and % is the partial derivative
of % (r, t) with respect to t.
For the time derivatives of pj, p>, we have (see the derivation in Appendix E)

. h—c 1/X
pP1=p2 3 + - —+2p2 |Q% —rF},)
r c\ a

1
[Y(r+Q)+r p1]é.
Y
P2 = p1 (wh ) <§ + 21’1)(2@ —rFy)
]

1 [X(r+g)+r ] &, (48)

(47)

where F, =F -e, and o = cz/u.
Concerning the element £, we can write (see the derivation in Appendix F)

L=

l[lﬂl( _7)](2%—rF)+f(r+Q)<@ (49)
clLa

where « is defined in (40). Finally, the time derivatives of g1, g2 read (see Battin 1999, egs.
10.51, 10.52, p. 493)

. 1 2 2
q1 = EwY(l +4q7 +95). (50)

. 1
m=?wﬂ+ﬁ+ﬁ) 51)
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We observe that the out-of-plane component of F appears through the quantities wy, wy,
wy, previously introduced in (14), which can be computed from

X Y

wy = ﬁFh, wy = ZFh, wp = Wxql — wyqa. (52)
Numerical integration of (45), (47)—(51) allows us to obtain the time evolution of the new
elements. For an efficient evaluation of the right-hand side of these differential equations,
we can follow the procedure described in Sect. 4. Moreover, we suggest to apply in (49) and
(53) the substitutions

r . rr 1 .
1 — - =p;sinK+ pacosk, —:E(pzsmlC—plcole).

a ¢

Finally, the unit vectors e, € s, €, which may be used to find the projections F;, Fy, P, Py,
are obtained as

e —excosL +eysinL, er =eycosL —exsinL, e, =—ez,

where ey, ey, ez are given in (37).

5.1 Constant time element

The equinoctial elements presented in Broucke and Cefola (1972) comprise the mean longi-
tude at epoch Ly = @ + ntg, where we recall that n is the mean motion and 7¢ the time of
pericenter passage. This quantity is a constant of the motion when the perturbations are turned
off, and being related to the physical time we can refer to Ao as a constant time element. On
the other hand, the generalized mean longitude £ included in the GEqOE varies linearly with
time along Keplerian motion (see eq 49), and therefore, it is a linear time element (Stiefel
and Scheifele 1971, Ch. 5).

In place of £, we may consider the generalized mean motion at epoch Lo, which we define

2153

Ly =¥ —vh.
Using eqgs (27), (28), we see that
Lo =L — vt,

and therefore its time derivative can be computed from (45), (49), resulting in

. h—c 171 r
Ly="5 —wh+77+a(1—7) QU —rFy)
r c| U a

v\ ria .
+ (3t —= + —@+o0) 8.
5 ue

We note that a term dependent explicitly on time arises in the expression of £, which is
not present in £. For long-term propagations, this term may grow enough to deteriorate the
efficiency of the propagation.

(53)

3 Another possible definition is £~0 = ¥ + vtp, which represents a direct generalization of the element A.
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50 Page12o0f29 G.Bauetal.

6 The fundamental matrix and its inverse

The fundamental matrix is defined as the matrix of the partial derivatives of position and
velocity with respect to the set of elements used for describing the motion (Broucke 1970).
We consider in this section the two sets of GEqOE given by v, pi, p2, q1, q2, along with
either £ or L. In Broucke and Cefola (1972), the fundamental matrix and its inverse are
expressed using the perifocal basis. In Danielson et al. (1995), the equinoctial basis, which
avoids the singularity for zero eccentricity, is used instead. Here, we adopt the orbital basis
{e-, er, e,}, which leads to quite compact and elegant expressions for the partials.
In the following, we will use the auxiliary quantities

y=1+qi+q3
and

§=pr+cosl, ¢=p;+sinL.

6.1 Partial derivatives of position and velocity with respect to the GEqOE

We obtain the partial derivatives of r, I with respect to the GEqOE by direct differentiation of
both sides of eqs (41), wherein X, Y and X, Y are replaced by the expressions given in (61)
and (43), respectively. Relations (30), (31), (32), (37), (44), (60) are also used. Regarding the
position, we have:

or 2r

— = ——,,

v v

or ar . aaf r X
= —(*Pz +as1nL)e, —a (— + f)pz + — +cosL ey,
ap1 v r 0 0 '
or or aef r Y .
— = (—p] —acosL)e, +a (— + *)p] + — +sinL ey,
apr v r o 0 ’

ar 1 (54
= v,

0L v

2 gaes + Xep)

T =——(rqe €n),

9q1 14 /

2 gies + Yen

— = —(rqie en),

g2 ¥ ner

where the generalized velocity v is introduced in (7) and the non-dimensional quantities «,
B in (40).

Remark 4 The derivatives of r with respect to a, pi, p2, Eo (see the footnote 3), g1, g2 can
be written in the same form as the derivatives of r with respect to a, h, k, X9, p, g that
are reported in Broucke and Cefola (1972, Table I). We just have to replace in the latter
ones the osculating eccentric anomaly (E), eccentricity (e), semi-major axis (a), longitude
of pericenter (w + £2) by G, g, a, ¥, respectively, and the unit vectors e, e, of the perifocal
reference frame* by their generalized versions e/, e;, which are defined as (see also Fig. 2)

e’p —eycos¥ +eysiny,

4 These two unit vectors are denoted by P, Q in Broucke and Cefola (1972).
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Fig.2 View from the angular ey
momentum vector of the unit
vectors ey, ey of the equinoctial
basis, and of €/, €/,, which are
the generalized counterparts of
the unit vectors e D> €q of the
perifocal basis

w
v
€x
e; =eycos¥ —eysin¥,
where ¥ is given in (15).
The partial derivatives of the velocity with respect to the GEqOE are:
or 1
— = —T + Jo,
av 3v + oo
or ara./pma . a
= _ 7[ M e, — (ﬁpl +X)ef] +ZEs 46,
ap1 r r h 0
or ara./pa "w . a
7=—*[ Pler+<*P2—Y)ef]—*§S+52,
apr r r h 0
o (55)
I w
- __= 83,
oL P2 +o
or 2 .
— = —(q28 — Xey) + 84,
dq1 v
or 2 .
— = ——(q1s — Ye,) + 05,
g2 14
where
r=re,+ ;ef, s = ;er —rey,
and the vectors §; (i =0, ..., 5) are equal to zero if %7 = 0. We have

r{2 oU
o= (2w = 2% e,
0 h<3v% 3v>ef’

1 1 ar . o
5] = ﬁ(l’l _C)tl + E[Z(TPZ‘F&SIHL)% —rTm]ef,
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1 1 ow
Szzﬁ(c_h)tz Z[Z( pl_aCOSL>%+rﬁ]ef,
1 1
5327(C—h)t3 E(]}“Z/-}—rf)ef,
r ou .
65+3__ﬁ8q<ef’ i=12,
i

with
aaf ar
t = a(sz + cosL)e, + sz er,
aof . or
t, = a(Tpl + smL)er + Tpl er,
1/c .
t3 = 7(76, —I—ref).
v \r ’

If the constant time element L is used instead of £, we have

or 1 2
-2,
av v 3

ar _ ar
ALy oL’
and
of 1
a—z S8+ 5 [ (c=hys— e,
or _ or
9Ly oL’

On the other hand, the partial derivatives of r, i with respect to pi, p2, g1, g2 remain the
same as in (54), (55).

Remark 5 The partial derivative of % with respect to any element y of our set of GEqOE is
computed by the chain rule

O U or
dx  or Iy

6.2 Partial derivatives of the GEqOE with respect to position and velocity

The inverse of the fundamental matrix for the equinoctial elements is obtained in Broucke
and Cefola (1972) using the Poisson brackets and the fundamental matrix (see also Broucke
1970). Here, we proceed as follows. As concerns the elements g1, g2, we simply write the
expressions given in Broucke and Cefola (1972, Table III) for the derivatives of p, ¢ in a
suitable form to avoid singularities for small eccentricities and inclinations (as in Danielson
et al. 1995, for example). For the generalized mean motion v, we start from equation (16)
and use the definition of the total energy. The computation for the elements pp, p, is done
considering relations (33), (34), and taking into account (13). Finally, concerning £ and Lo,
equations (30), (31), (32) are used.
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The partial derivatives with respect to the position and velocity read’

av 3av

— =—"el +3d,

or r2

api el h ( T PZAT
27 - = 81,
or ’ [ Bt

e c

e AL

IR *[< D+ ]? Pe] 4,
h

oL

r Az
== —(aa—rﬁ)e ~2- 2+ -n]ef - el +8.
991 yY o
72_7eh’
or 2h
da2 _ vX g
or . 2nh
and
v 3 o
oF . Jna
ap1 c T, by, Fo\T  AP2 T
—_— = —— Le —(2 L—fX)e —e;,
o MCOS r+,u sin c rt 5 S
ap2 c . r h F r AD1
P2 nL f(z L 7Y) _ AP
oF Msm e,—f-’u cos +c ey i (A
L c 2r r hr r A
— = — —0)— —— e — e —e
oF [Wa(r o W] TR A
9q1 vY r
— = e,
or 2h
0g _ X
aF  2n M
where
= 3 ow
fo=-——="",
Jpa ar
~ r . oU
8= —@¢+osinL)—,
no or
= ow
52=L(r$+gcosL)—,
no or
~ rr oU
=—(@+rae——r,
ci ar
and
A=Yqp —Xq, A=Yq - Xq.
Note that the vectors Si (i=0,...,3)areequal to zero if Z = 0.

5 We found a typo in the expression of dAg/dx reported in Broucke and Cefola (1972, Table III): a5/a¢ has
to be replaced by a5 /0y.
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Finally, the partial derivatives of the constant time element £ are given by
1 ow )
Jpa or /)’

ar  ar
0Ly 9L | 3t

— =+ r
ar ar . Jua

Remark 6 1f L is employed in place of £, terms that are linear in time are introduced in the
expressions of dr/dv, ar/dv, dLy/adr, d Lo/ IT.

% 8£_3t(a

T
_ aiPY
r2"

7 Numerical tests

We employ the generalized orbital equinoctial elements (GEqOE) v, p1, p2, £, g1, g2 (Sect.
2.4) to propagate the motion of an artificial satellite around the Earth. Starting from the case in
which only the perturbation due to the J, zonal harmonic of the geopotential is considered, we
then add the third-body gravitational attraction of the Moon and the Sun. In all the proposed
test cases, the function —% is given by the J, term of the Earth’s gravitational potential.
We select the four sets of initial conditions in Table 1, which are converted to the GEqQOE
(their values are given in Appendix B). The new elements are compared to the alternate
equinoctial orbital elements (AEqOE) presented in Horwood et al. (2011, Sect. 10.4) and
Cowell’s method. We deliberately select a very simple numerical integrator, which is a fourth-
order Runge—Kutta with a fixed step size, in order to highlight the impact of the particular set
of elements on the propagation performance. The errors are computed by taking as true the
solution obtained by using the Dromo(PC) formulation presented in Bau and Bombardelli
(2014) and an adaptive step size Runge—Kutta Dormand-Prince 5(4)7FM method described
in Dormand and Prince (1980) with a tolerance of 10~13. Further details about the numerical
tests, which may be useful to reproduce our results, are reported in Appendix C.

7.1 The main problem

Let us introduce an Earth-centered inertial reference frame. In particular, we denote by Oz
the axis pointing to the North Pole and by e the corresponding unit vector. We consider here
the unrealistic case in which the perturbing force F (see eq 3) is given by

F=—-V%(r),

where 7% is the potential energy associated with the J, term of the Earth’s gravitational field:

A 22

73
Table 1 Initial conditions for the .

. o L rp e i 2 10} My

numerical tests: r, is the radius
of perigee in km, e, i, Q, w, MO (a) 7178.1366 0 45 0 0 0
are Keplerian elements. Angular
variables are given in degrees and (b) 7178.1366 0 0 0 0 0
expressed with respect to the (c) 7178.1366 0 90 0 0 0
J2000 frame () 6916 0.74 63.4 30 270 0
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with
GM Jor?
A= a2
2 r
and z = r - e;. The quantity r, denotes the equatorial radius of the Earth. We have
3A

F= [(1—52%)e, + 2ze.].

4

In the differential equations of the GEqOE, the perturbing force appears in the terms 2%/ —r F;
and wy,. A straightforward computation yields

6A
2% —rF, = %, Fj = ——Zcosi.
r

Moreover, noting that

. 2(Yqx— Xqu
= M 57)
we obtain
wy =12,
with 34
=520 -qf — 4. (58)

Taking into account that the total energy & is a first integral in this case, the time derivatives
of the GEqOE become

o
. Y
q =—1—,
r
X X
g =—1—,
r

where Z, I are determined by (57), (58). In the equations above, the quantities a, v remain
constant along the motion and their values are determined from the initial position (r) and
velocity (r). In particular, the value of the element v is computed by (see eq 16)
1[2n 24 A L1
[— +50-32) - |r*|2] :
*

Iy

where r, Z, I'x refer to the starting epoch of the propagation.

The initial conditions specified in the row labeled (a) in Table 1, which correspond to a
low Earth orbit, are propagated for 12 days. Figure 3 shows the position error at the final
time obtained with different values of the integration step size. The same initial conditions
are then propagated for 365 days using a step size of 1 minute. The time evolution of the
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Fig.3 Position error after 12 days ERCEEEEEEE I3
of propagation for increasing o
values of the integration step size. 108} 1
The initial conditions correspond X
to the low Earth orbit reported in
the row (a) of Table 1. Only the 3 T

perturbation arising from the J, 1077 |
zonal harmonic of the
geopotential is considered. Note
that a logarithmic scale is applied
to both axes. The true position
and velocity at the final epoch are
reported in Appendix C

Position error (km)

-*- Cowell
5 AEQOE ||
10 -o- GEqQOE
30 102 10°

Time step (s)

errors in the position and total energy are displayed in Fig. 4. It is evident that the GEqQOE
are much better than the AEqQOE and Cowell’s method for this test case.

7.2 J; and third-body perturbations

Third-body perturbing forces due to the gravitational attraction of the Moon and the Sun
are switched on in the following tests. Note that although third-body perturbations do derive
from a potential, we could not observe, at least for the propagation of Earth-bound orbits,
any improvement in propagation performance as a result of including that potential in the
total energy. As a matter of fact, numerical instability can occur in some cases, especially
when ephemeris data are employed. Therefore, we directly considered these forces for the
computation of the vector P in eq (3). On the other hand, the force exerted by the Earth’s
oblateness is derived from the potential energy %/ introduced in (56).

The same performance plots shown in Sect. 7.1 are obtained for the initial conditions
reported in the rows (b), (c), and (d) of Table 1, which correspond to a low Earth equatorial
orbit, a low Earth polar orbit, and a Molniya orbit, respectively. The initial epoch of the
propagations is January 1, 2020 UTC. For a short-term propagation (on the order of a few
days), we display in Fig. 5 the variation of the position error referred to the final time as the
step size of the integrator is enlarged. Then, for a long-term propagation (on the order of
hundreds of days), Fig. 6 shows the time evolution of the position error using a step size of
1 minute. The time span of the Molniya orbit propagation was chosen about 7 times larger
in order to have the same number of revolutions as in the case of the two low Earth orbits.

From these results, we see that third-body perturbations do not deteriorate the performance
of the GEqOE, when compared to the case in which only a conservative perturbation is present.
Therefore, the generalized equinoctial orbital elements bring a substantial improvement with
respect to the AEQOE and Cowell’s method.

Because the Molniya orbit is quite eccentric, it is reasonable to use also a variable step
size numerical integrator: we chose the same Runge—Kutta Dormand-Prince method that
provides the true solution. The relative tolerance controls the selection of the step size and
tighter tolerances imply shorter steps. The total number of evaluations of the vector field
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Fig.4 Time evolution of (top) the

o 4ll--- Cowéll [UPEENEPNDY
position error and (bottom) the 1077 GEqOE - Vo
error of the total energy AEqOE i o

1
throughout 365 days of - b
! 59 102} .- Pt
propagation of the initial
conditions reported in the row (a) .
of Table 1. Only the perturbation £ 4L e . 1
arising from the J» zonal ‘5’ L7
harmonic of the geopotential is £
. 3
considered. Note that a < 402t J
. . . . o
logarithmic scale is applied to =
[
both axes g
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Time (days)
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< U
& 10°F 1
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=
S
S 108F 1
<
[0]
c
[0
T
-6 10-11 L 4
|_
10-14 L 4
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at the end of the propagation can be taken as a measure of the computational cost. In Fig.
7, we show for decreasing values of the relative tolerance the number of evaluations and
the corresponding maximum position error reached in a propagation time of 85.6 days. We
denote with GEqOE(c) the set of generalized orbital elements in which Lg (see Sect. 5.1) is
employed instead of £. While in the previous numerical tests GEqQOE and GEqOE(c) exhibit
an almost identical performance, in this test the latter formulation is better: it is faster and
decreases the minimum achievable position error. We see that the formulations GEqOE and
GEqOE(c) are much more efficient than the AEQOE and Cowell’s method.

8 Conclusions and future work
We have introduced six orbital elements that generalize the classical equinoctial elements

in the presence of perturbations that are derivable from a potential. The latter appears in
the intrinsic definition of the new elements, through the generalization of different orbital
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Fig.5 Position error for
increasing values of the
integration step size. The initial
conditions are reported in the
rows (b), (c), and (d) of Table 1
and correspond to (top) a low
Earth equatorial orbit, (middie) a
low Earth polar orbit, and
(bottom) a Molniya orbit,
respectively. The first two orbits
are propagated for 12 days, the
latter for 85.6 days. Perturbations
due to the J> zonal harmonic of
the geopotential and the
attraction of the Moon and the
Sun are considered. Note that a
logarithmic scale is applied to
both axes. The true position and
velocity at the final epoch for
each of the three cases are
reported in Appendix C
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Fig.6 Time evolution of the
position error. The initial
conditions are reported in the
rows (b), (¢), and (d) of Table 1
and correspond to (top) a low
Earth equatorial orbit, (middle) a
low Earth polar orbit, and
(bottom) a Molniya orbit,
respectively. The first two orbits
are propagated for 365 days, the
latter for 2604 days.
Perturbations due to the J, zonal
harmonic of the geopotential and
the attraction of the Moon and the
Sun are considered. Note that a
logarithmic scale is applied to
both axes
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H 1 1 T T * T T
Fig.7 Function evaluations (see 3 - Cowall

the Fe?xt) Versu§ maximum 106t ' AEQOE
position error in 85.6 days of * -o- GEqOE
propagation for decreasing (right \\x GEqOE(c)
to left) values of the integrator L
relative tolerance. The initial . *.
conditions correspond to the _5 <
Molniya orbit reported in the row § .
(d) of Table 1. Perturbations due ® Tx
to the Jo zonal harmonic of the 3 105+ .
geopotential and the attraction of s il
the Moon and the Sun are 9 T
considered. Note that a Z »
logarithmic scale is applied to
both axes \
4L ‘ ‘ ‘
408 107 1 108 10°

Max position error (km)

motion quantities. The new elements are defined for a negative value of the total energy and a
positive value of the effective potential energy in (5). They are non-singular for circular and
equatorial trajectories and are affected by the same singularities as their classical counterparts
(retrograde equatorial and rectilinear orbits). Equations of motions, transformation from and
to Cartesian coordinates are provided along with the associated Jacobian matrices.

Representative propagation tests for low Earth orbits show a dramatic increase in per-
formance (accuracy and computational cost) for a propagator based on the new elements
compared to the alternate equinoctial orbital elements as well as Cartesian coordinates.
Ongoing research is focused on the application of the proposed elements to the problem
of uncertainty propagation.
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A Alternative formulation

An alternative set of generalized equinoctial orbital elements is obtained by replacing g1, g2
with the Euler parameters ey, e>, €3, e4 that define the orientation of the equinoctial reference
frame Xeq with respect to X' (see eq 2):

i i i .
el :=cos§cos{2, e :=sm§, e3 :=cos§sm.(2, eq = 0.
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The Euler parameters allow us to partially control the error accumulation during the propa-
gation by monitoring the quantity e% + e% + e% + ei. On the other hand, they make the set
of GEqOE redundant, increasing the dimension of the state vector from 6 to 7.

If the Euler parameters e, e, e3 are used in place of g1, g2, then ey, ey are computed
from the formulae

T
ey = (e% + e% — e%, —2eje3, 26263) ,
T
ey = (26163, elz — e% — e%, —26182)
Moreover, we have
. 1
er = E(whez + wxes),
. 1
e = _E(whel — wyes),
. 1
e = —E(wxel + wyen),
where wy, wy are obtained as in (52) and

€2
2 2 (e3wX - 81'U.)Y).
€T e

wy =

While the quantities eg, ez, e3 are defined for any inclination, the time derivatives of eg, e
become singular fori = 7.

B Examples of conversion between Cartesian position and velocity
coordinates and the GEqOE

The results reported in this section are obtained using MATLAB R2020b.

Consider the four test cases described in Sect. 7 and the corresponding four sets of initial
conditions in Table 1. For all of them, the function % is given in (56). The corresponding
values of the GEqOE are shown in Table 3. They are obtained by first computing the Cartesian
position and velocity coordinates (see Table 2) and then applying the procedure described in
Sect. 3. The constants u, J;, r. used for the transformations are:

w = 398600.4354360959 km? /s>
Jp = 1.08262617385222 x 1073, (59)
re = 6378.1366 km.

Next, for a particular example, we show a step-by-step guide to convert to and from
GEqOE and Cartesian position and velocity coordinates. The numbers reported below are
taken from the output displayed by MATLAB R2020b when the long fixed-decimal format is
selected. We used the values given by r, and (re3 /)72 as units of length and time. With this
choice, all the equations in the paper can be applied by replacing n with 1 and dimensional
quantities with the corresponding non-dimensional ones.

Pick the six values of the row labeled by (a) in Table 2:

x = 7178.1366 km, x = 0km/s,
y = 0km, y = 5.269240572916780km/s,
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Table 2 Position (km) and ¥ y Z
velocity (km/s) coordinates with
respect to the J2000 frame (a) 7178.1366 0 0
computed from the four sets of
initial conditions shown in Table (b) 7178.1366 0 0
1. Some numbers are rounded off (c) 7178.1366 0 0
(d) 1548.3509 —2681.8225 —6183.9707
X v b4
(a) 0 5.2692 5.2692
(b) 0 7.4518 0
(c) 0 0 7.4518
(d) 8.6725 5.0071 0
Table 3 GEqOE computed from v
the four sets of Cartesian position Pl P2
and velocity coordina.tes, which () 1.0395 x 10-3 0 —8.5476 x 10—4
correspond to the orbital 3 4
elements in Table 1. We assumed (D) 1.0395 x 10~ 0 —8.5476 x 10~
that GM = p in the expression (©) 1.0395 x 10~3 0 85476 x 10~4
of % in (56). The values of the 4
quantities v and £ (= Lg) are in (d) 1.4445 x 10 —0.64197 0.37064
rad/s and rad, respectively. Some r
numbers are rounded off 9 12
(a) 0 0 0.41421
(b) 0 0 0
(c) 0 0 1
(d) —1.0472 0.30881 0.53487

z = 0km,

Following Sect. 3, we get in sequence:

z = 5.269240572916780 km/s.

e, =(1,0,07, ef=(0,0.707106781186548, 0.707106781186548) ,
e, = (0, —0.707106781186548, 0.707106781186548)7 ,

r=7178.1366km, 7 =0km/s, h =53490.26429528814km?/s,

U = —0.023732242207310km? /s>, & = —27.788628457479671 km? /s,

v = 0.001039460266303 rad/s,

g1 =0, ¢»=0.414213562373095,
ex = (1,0, 07, ey = (0, 0.707106781186547, 0.707106781186548) ,

¢ = 53467.39881650716 km? /s,

v = (0, 5.266988131092099, 5.266988131092099)7 km/s,
g = (—8.547571013161059 x 1074, 0, 0)7,

p1 =0, py=—8547571013161059 x 1074,
X =7178.1366km, Y = Okm,
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a=7172.006276704303km, « = 0.500000091326246,
sin K =0, coskK=1,
L = Orad.
Then, we convert the values of v, p1, pa, £, g1, g2 obtained above to position and velocity.
Following Sect. 4, we get in sequence:

K =Orad,

ex = (1,0, 007, ey = (0, 0.707106781186547, 0.707106781186548)" ,
a=7172.006276704303km, o = 0.500000091326246,

X =7178.136600000001 km, Y = Okm,

r = (7178.136600000001, 0, 0)7 km,

r = 7178.136600000001 km, 7 = 0km/s,

U = —0.023732242207310km? /s>,
¢ = 53467.39881650716 km? /s, h = 53490.26429528814 km? /s,
P = (0, 5.269240572916779, 5.269240572916779)7 km/s.

C Further details about Figs. 3, 5, and 7

We report below the true positions and velocities at the final epoch of propagation used to
obtain the performance plots of Figs. 3, 5, and 7. These vectors are expressed in the J2000
reference frame.

The J, value (see eq. 59) of the Earth’s gravitational expansion was taken from the
EGM2008 model. The ephemerides of the Sun and the Moon and the values of the parameters
W, e (see eq 59) were retrieved from the planetary and lunar ephemerides DE430. Moreover,
the precession, nutation, and polar motion of the Earth are completely neglected so that the
Earth’s spin axis is fixed and equal to that of the reference epoch J2000.

We denote by 7y and ¢ the initial and final epochs of propagation.

(*) Fig. 3, to = 2020 Jan 01 00:00:00 UTC, ¢y = 2020 Jan 13 00:00:00 UTC:

x5 = —5398.929377366906 km, Xy = 2.214482567493 km/s,
vy = —390.257240638229 km, yf = —6.845637008953 km/s,
zp = —4693.719111636971 km, zp = —1.977748618717 km/s.

(*) Fig. 5 (top panel), #p = 2020 Jan 01 00:00:00 UTC, ¢ = 2020 Jan 13 00:00:00 UTC:

Xp = —274.761002943290 km, &y = 7465328216770 km/s,
v = —7154.555995859508 km, ¥ = —0.288082051862 km/s,
2 = —0.095489199987 km, 2 = —0.000288808942 km/s.

(*) Fig. 5 (middle panel), #) =2020 Jan 01 00:00:00 UTC, fy =2020 Jan 13 00:00:00 UTC:

Xy = —6127.562058484711 km, Xy = —3.876493609204 km/s,
v = 0.290815939820 km, v = 0.000242489963 km/s,
zf = 3725.501491458693 km, Zf = —6.369562182446 km/s.
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(*) Fig. 5 (bottom panel) and Fig. 7, tp = 2020 Jan 01 00:00:00 UTC, ¢t = 2020 Mar 26
14:27:30 UTC:

xy =10732.86105177698 km, X5 =3.96389903452km/s,
v = 2632.59989195335 km, v = 3.86270637636 km/s,
zf = —1133.57673525621 km, Zfy = 5.12156998778 km/s.

D Derivation of eqs (38), (39), and (42)

We set the right-hand sides of (31), (32) equal to the right-hand sides of (33), (34), respectively.
By solving the resulting equations for cos L, sin L and taking into account (19), (20), (22),
(40), we find

cos L = a [ap1p2 sin K + (1 —ozp%)cole — p2],
2 (60)

sinL = — [aplpzcole—i- ¢! —oep%) sin kC — pl].
r

Noting that
X =rcosL, Y =rsinL, (61)

we obtain (42).
System (60) can be solved for cos /C, sin K to yield relations (39). By inserting the expres-
sions given in (39) in the generalized Kepler’s equation (30), we have

1
L=K+ —(Xp1 —Yp2),
ap

which corresponds to (38).

E Time derivatives of pq, p>

From equations (17), (18), we have

pL=gsin¥ + g cos ¥, (62)
pr=gcosW — gWsin¥. (63)
For the time derivative of g, we use relation (9) and so we need the expressions of & , C.

The former is given in (46), the latter, which is derived from the definition of ¢ provided in
(6), results:

1, .
¢ =—[r?& +rirQ% —rFy)]. (64)
C
Then, we find
. 1 2 PN .
8= [(c* +26r°)E +26rF QU — rFy)].
n

After writing 2& as a function of ¢ and g by means of (9), and using

2

. Mo
r=——" F = —gsinb,
(1l 4 gcosh) c
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which directly follows from (11), (12), we obtain

g2

. -1

¢ = —(Zcosh + cg)é + ¢sin0Q% —rF,), (65)
" c

where ¢, ¢ are given by

nr ~
=7 s=l+g.
c

From the definition of ¥, we write
g¥ = gL — gb. (66)

The expression of L can be derived, for example, from Battin (1999, egs. 10.78, 10.81, pp.
500-501):

’
h
The time derivative of 6 is obtained by differentiation of both sides of equation

. h |
L =2+ Fan s sin+ /). 67)
r 2

rrc
tand = ——,
2
c* — ur

which is a consequence of (11), (12). We first use

2
. c 2%
po S 2y, )
r r r
to get
. c c ~. .
0= - = — Q% — rF;)cos6 + ¢csinf].
r urg

Then, we replace ¢ with the expression in (64) and find

1 .
-5 - 7[(51» sin@)& + (5 cosf + i sin@)(2% - rF,)]. (69)
r 1254 r

From equations (66), (67), (69), we have
.8 ST [P
gv = —z(h —c)—gwp+ —&sinb + —(Sg+ ccos)U —rFy), (70)
r n c

where we used the definition of wy, in (14) and made the substitution
c ~. . "o .
—cosf + ¢Fsinf = —(Sg + g cosb).
r c

The expressions of g, glf/, given in (65), (70), are plugged in (62), (63), and by considering
the definitions of py, ps (see 17, 18) and the relation L = ¥ + 6, we get

. h—c 1/rr 5 r - .
Pl:pz( ) —wh)+E<?p1+§p2+gcosL>(2%—rF,)+ﬁ(gpl+gsmL)<§,

. h—c 1/rr - . r ~ ;
P2 =pi1 <wh— P ) + ;(7112—;171 — ¢ sin L)(Z%—rFr) + ;(; P2+ GScosL)é.
Finally, in the two equations above we note that

rr - r
pa +¢épr+ccosl = ;cosL—i—sz,
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zPz —¢p1—g¢sinL = ~LsinL - 2p1,
a

where we used (33), (34).

F Time derivative of £
From equations (30) and (31), we have
£':I'C£+[71 cos KK — posin I, (71)
a

Let us first deal with the term pj cos K — ps sin K. Using relations (42) for X, Y in the
expressions of py, p» given in (47), (48), and then considering (31), (32), we get

. L h—c r 1 r (rr)2
p1coskC — prsin K = 5 — W <1—7)+72—7— Qu —rF,)
r a ua

c a

(72)
where «, B are defined in (40), and
\/ﬁ
w=_|—.
a
We compute now the time derivative of K. From (15), (29), we have
K=L+G-é. (73)

The expressions of L, 6 are written in (67), (69). By differentiation of both sides of equation

rr
tanG = ———,
w(a—r)

which follows from (24), (25), and using (68), we find

w 1 [,ursm9

G=—— —
2ca?

r + a)a+ (cos )% — rF, )]
r gwa

Then, considering that

0 2% .
cos G = M, 4= ig’
1+ gcosf o
we can write
. w r . .
G=Y_ [sme(r +a)é + Ecoso + oyow — rFr)]. (74)
r cgwa c

From equations (73) and (67), (69), (74), we obtain

. w h-—c rro r
K== —wn+ - [1+a( )](2% Fr)—w(l—£> .5
Finally, by making the substitutions
2 2
o Kt 1_7_1_l3§’
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in equations (72), (75), respectively, and taking into account the relation ¢ = 1 — o, we
find from equation (71) the expression of £ reported in (49).
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